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Abstract
We study a single matrix oscillator with the quadratic Hamiltonian and deformed
commutation relations. It is equivalent to the multispecies Calogero model in one
dimension, with inverse-square two-body and three-body interactions. Specially,
we have constructed a new matrix realization of the Calogero model for identical
particles, without using exchange operators. The critical points at which singular
behaviour occurs are briefly discussed.
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1 Introduction
A class of integrable many-body systems in one spatial dimension is known, referred
to as Calogero systems [1]. These systems are formed of N identical particles on the
line which interact through an inverse-square two-body interaction and are subjected
to a common confining harmonic force. These models are completely integrable
in both the classical and the quantum case [2] and are related to a number of
mathematical and physical problems, ranging from random matrices [3,4] to gravity,
black hole physics [5] and two-dimensional strings [6]. The algebraic structure of
the Calogero model has recently been reconsidered by a number of authors in the
framework of the exchange operator formalism [7,8] based on a symmetric group.
An advantage of this approach is the possibility of an explicit construction of wave
functions for an arbitrary number of particles. This approach also emphasizes the
interpretation in terms of generalized statistics [9] that allows for the possibility of
having particles of different species with a mutual coupling parameter depending on
the species coupled.
It is known that a random matrix theory provides a simple relation between the
quantum mechanics of the harmonic oscillator and the Calogero model. However,
this connection is known to be true only for three special values of the coupling
parameter ν : ν = 1
2
, 1, 2. In this approach the Calogero model appears through the
calculation of averages in the Gaussian ensembles [3,4]. Also, another remarkable
connection between the matrix models and the Calogero models was established
in [2,10,11,12]. In Ref’s.[2,11,12] a classical matrix system without the quadratic
potential was considered by the technique of the Hamiltonian reduction. The quan-
tization is performed through path integral methods [12].
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In the present Letter we introduce matrices whose matrix elements are operators
and define the matrix Hamiltonian of the quadratic type. We show that this matrix
formulation is in one-to-one correspondence with the Calogero model for an arbitrary
value of the coupling parameter that can even depend on the particles coupled. In
addition, exchange operators do not appear in our formulation.
In section 2, by introducing a pair of N × N matrices X , P, we define the
quadratic Hamiltonian H for a single quantum matrix oscillator that is required
to satisfy deformed commutation relations. This is a generalization of a single
oscillator with the quadratic Hamiltonian and the deformed commutation relation
[13,14]. After finding the representation that solves these commutation relations, we
show that the single matrix oscillator with the quadratic Hamiltonian and deformed
commutation relations is equivalent to a multispecies Calogero model [15-18] with
inverse-square two-body and three-body interactions. Generalization of SU(1, 1)
generators is proposed and their form is used to construct matrix ladder operators.
By applying the Fock space analysis, a class of the excited states of the matrix oscil-
lator Hamiltonian H has been found. In section 3 we specialize our considerations
to the case where all masses and coupling constants are equal. After stating some
non-trivial identities, the matrix oscillator considered in this paper turns out to be
an alternative simple formulation of the Calogero model that avoids the necessity
of using exchange operators. Finally, brief inspection of the Fock space that corre-
sponds to the relative motion of particles reveals the existence of the critical points
at which the system exhibits singular behaviour.
3
2 Matrix oscillator and a multispecies Calogero
model
Let us consider N ×N matrices X , P with operator-valued matrix elements and a
non-singular mass matrix M. The matrix Hamiltonian, generally non-Hermitean,
is given by
H = 1
2
(PM−1P+ ω2XMX), (1)
with h¯ = 1. It represents a matrix generalization of a single harmonic oscillator.
We assume the following matrix commutation relations:
[X,P] = ıV, (2)
where V is a Hermitean N × N matrix with constant, real and symmetric matrix
elements νij = νji, i, j = 1, 2, ..., N . We set the diagonal elements to be equal
to unity, reflecting the quantum nature of the system. We further assume that
the matrix X is Hermitean and can be represented as a diagonal matrix with real
elements xi, i = 1, 2, ..., N :
Xij = xiδij (3)
and Mij = miδij , mi > 0 . By introducing the matrix operator D such that the
relation P = −ıD holds, we can rewrite Eq. (2) in the following way :
Dijxj − xiDij = νij ∀i, j; i 6= j
Diixi − xiDii = 1 ∀i. (4)
There are many solutions of equations (4) since the addition of a diagonal piece toDij
depending only on the coordinates does not affect these equations. To express this
fact in a more explicit maneer, we can consider a transformation D(f) = f−1Df of
the operator D by the arbitrary function f of the coordinates. The corresponding
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Hamiltonians are connected by non-unitary gauge transformations, i.e. by similarity
transformations of the form H(f) = f−1Hf . We shall restrict ourselves to gauge
transformations defined by f =
∏
i<j(xi − xj)λij , λij = λji. A corresponding class
of solutions of equations (4) is given by
Dij = δij( ∂
∂xi
+
∑
k 6=i
λik
xi − xk )−
νij(1− δij)
xi − xj , (5)
where λij are gauge parameters. Note that the dependence of the Hamiltonian H
on the gauge parameters λij enters through the operator D.
The matrix Schroedinger equation is
H ∗Ψ(X) ≡ HJΨ(X) = EΨ(X), (6)
where Ψ(X) is a column wave function (ψi(X)), i = 1, ..., N , J is an N×N matrix
with units at all positions, and multiplication ∗ is defined in the above equation.
For example, the ground state in the gauge λij = νij , ∀i, j is described by the
column matrix
‖0〉 ∼
(
e−
ω
2
∑N
i=1
mix
2
i
)
C. (7)
Here C is the column matrix with all elements equal to unity. Analogously, one
can introduce the left action of the Hamiltonian H on the row wave function. In
this case (in the gauge λij = νij , ∀i, j ), the ground state is represented by
〈0‖ ∼ Re−ω2
∑N
i=1
mix2i , where R is a transpose of C. Note that RC = N , CR =
J , J ‖0〉 = N‖0〉 and 〈0‖0〉 = 1. At this point it should be emphasized that
Ψ(X) is not the eigenstate of the Hamiltonian H in the usual sense, but rather
it satisfies the “eigenvalue” equation in which the “eigenvalue” E is a matrix. We
can give a well-defined meaning to this equation after performing multiplication of
both sides by the row matrix R from the left. In this case, Eq. (6) is reduced to
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the eigenvalue equation Hψ = Eψ , where H is the Hamiltonian corresponding
to the matrix Hamiltonian H by H = RHC = tr(HJ ) . We point out that in
the special case where the gauge λij = νij , ∀i, j is chosen, we get the familiar
eigenvalue equation H˜ψ = Eψ, where H˜ stands for the transformed Hamiltonian
for a multispecies Calogero model [17]. In this case H is related to H˜ as
H˜ = RHC = tr(HJ )
= −1
2
N∑
i=1
1
mi
∂2
∂x2i
+
ω2
2
N∑
i=1
mix
2
i
−1
2
∑
i 6=j
νij
(xi − xj)(
1
mi
∂
∂xi
− 1
mj
∂
∂xj
)
≡ −T− + ω2T+, (8)
where T± are SU(1, 1) generators. After performing the similarity transformation
with the inverse Yastrow factor
∏
i<j(xi − xj)−νij , we obtain an original Hamil-
tonian Hcal for the multispecies Calogero model, with inverse-square two-body and
three-body interactions [17]. This original Hamiltonian Hcal can also be reproduced
directly, Hcal = tr(HJ ) in the gauge λij = 0, ∀i, j. The procedure outlined
here differs significantly from that followed in Ref.[12] in the way how the Calogero
Hamiltonian appears. Namely, in this paper the Hamiltonian is not just the trace
of the matrix Hamiltonian H, but is given by H = tr(HJ ), see Eq.(8). In the rest
of the paper we restrict to the gauge λij = νij, ∀i, j .
In the same way as we have introduced the matrix Hamiltonian H, we introduce
matrix generators with operator- valued matrix elements
T+ = 12XMX,
T− = 12DM−1D,
T0 = 14(XD +DX) = 12(XD + 12V).
(9)
6
They satisfy the relations
R[T−, T+]JC = 2RT0C, (10)
R[T0, T±]JC = ±RT±C, (11)
where the J − commutator is defined by
[A,B]J = AJB − BJA. (12)
T±, T0 are related to the generators T±, T0 [17] of SU(1, 1) algebra in the
following way :
T± = RT±C = tr(T±J ),
T0 = RT0C = tr(T0J ). (13)
The wave functions ψ of the Hamiltonian (8) (H˜ψ = Eψ) are related to the
column wave functions defined in (6). As it is readily seen, the connection is simply
ψ(x1, ..., xN ) ∼ RΨ(X) and ψ∗(x1, ..., xN) ∼ Ψ†(X)C .
The model described by the Hamiltonian (8) was partially solved in [17]. Corre-
sponding solutions in the matrix formulation are obtained in terms of the following
pairs of creation and annihilation operators :
A±1 =
1√
2trM(
√
ωXM∓ 1√
ω
D),
A±2 =
1
2
(ωT+ + 1
ω
T−)∓ T0. (14)
Note that for the case in which all masses mi are equal, there is a simple relation
between these two sets of operators, namely NRA±1 2C = RA±2 C .
The generators T± are defined in (9) and play the role of collective radial vari-
ables corresponding to dilatation modes. The first pair of operators (14) describes
7
center-of-mass (CM) modes, while the second pair describes collective radial modes.
These operators satisfy the following commutation relations :
R[A−1 ,A+1 ]JC = 1, R[A−2 ,A+2 ]JC =
1
ω
RHC,
R[A∓1 ,A∓2 ]JC = 0, R[A∓1 ,A±2 ]JC = ±RA±1 C,
R[H,A±1 ]JC = ±ωRA±1 C, R[H,A±2 ]JC = ±2ωRA±2 C. (15)
The partial matrix Fock space corresponding to CM modes and collective radial
modes is spanned by the states of the form
‖n1, n2〉 ∼ (A+1 J )n1(A+2 J )n2‖0〉, (16)
which are governed by the matrix Schroedinger equation
HJ‖n1, n2〉 = En1,n2‖n1, n2〉. (17)
Here En1,n2 is the matrix that satisfies the relation
1√
N
REn1,n2‖n1, n2〉 =
1√
N
En1,n2R‖n1, n2〉
= En1,n2|n1, n2〉 = (E0 + ω(n1 + 2n2))|n1, n2〉, (18)
where E0 = ω(
N
2
+ 1
2
∑
i 6=j νij) is the energy of the ground state. The state
‖n1, n2〉 is the column Fock state and ‖0〉 is the vacuum state defined by (7),
while En1,n2 and |n1, n2〉 are eigenvalues and eigenstates of the partial Fock
space of the corresponding multispecies Calogero problem. The ground state is well
defined if E0 >
1
2
[17-19].
Note that the correspondence between the matrix ladder operators (14) and the
analogous operators A±1 , A
±
2 [17] that define the partial Fock space in the related
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multispecies Calogero model is simply given by
A±1 = RA±1 C = tr(A±1 J ),
A±2 = RA±2 C = tr(A±2 J ). (19)
3 Special case : the Calogero model
Specially, for νij = ν , mi = m for all i, j = 1, ..., N , we recover the original
Calogero model ( cf. Eq. (8)).
In this case, we introduce the matrix creation and annihilation operators A±
defined by
A± = 1√
2mω
(mωX∓D) = 1√
2mω
(mωX∓ ıP). (20)
Then the following relations hold :
[A−,A+] = (1− ν)1 + νJ (21)
and
H = ω
2
{A−,A+}, RHC = ωR[A−2,A+2]JC, (22)
R[A∓k,A∓l]JC = 0, R[H,A±k]JC = ±ωkRA±kC, (23)
where k, l can be arbitrary non-negative integers. In the above relations, [, ] and {, }
denote the ordinary commutators and anticommutators, respectively. Note that the
set of operators {A−2,A+2,H} define SU(1, 1) algebra and that the A operators
(20) coincide (up to the factor
√
N ) with the operators A±1 defined by (14), for
mi = m and νij = ν, namely A± =
√
NA±1 .
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Starting from the column vacuum state (7) ( now with all mi equal to m ),
which satisfies the condition A−‖0〉 = 0 , the complete matrix Fock space can be
constructed. The general state of the full Fock space is generated by the operators
(20) and can be written as
‖n1, ..., nN〉 ∼
N∏
k=1
(A+kJ )nk‖0〉, (24)
where nk = 0, 1, 2, ... and
A−JA+n‖0〉 = nA+n−1‖0〉. (25)
The general state, Eq(24), satisfies the equation
H ∗ ‖n1, ..., nN〉 ≡ HJ ‖n1, ..., nN〉 = E{n}‖n1, ..., nN〉. (26)
Here again, E{n} is the matrix that satisfies the relation
1√
N
RE{n}‖n1, ..., nN〉 = 1√
N
E{n}R‖n1, ..., nN〉
= E{n}|n1, ..., nN〉 = ((
N∑
k=1
knk + ε0)ω)|n1, ..., nN〉, (27)
where ε0 =
1
2
[1 + ν(N − 1)]N and E{n} and |n1, ..., nN〉 are eigenvalues and
eigenstates of the corresponding Calogero problem. For example, we explicitly show
how the Hamiltonian H acts on the state A+n‖0〉 :
H ∗ A+n‖0〉 = ω(n1+ 1
2
VJ )A+n‖0〉. (28)
Note that after multiplying both sides of this equation by R from the left, we get the
familiar result. Now we make complete correspondence with the ordinary Calogero
model for identical particles.
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The Fock space for the ordinary single-species Calogero model is generated by
totally symmetric combinations A±k =
∑N
i=1(a
±
i )
k , (k = 1, 2, ..., N) of auxiliary
creation and annihilation operators a±i =
1√
2ω
(ωxi ∓ ∂∂xi ∓ ν
∑
i 6=j
1
xi−xj (1−Kij)) ,
where the operators Kij exchange labels i and j in all quantities [7,8].
To be more precise, the complete Fock space is spanned by the states of the form
∏N
k=1(A
+
k )
nk |0〉 , where |0〉 ∼ e−mω2
∑N
i=1
x2
i is the ordinary vacuum, a−i |0〉 = 0
for all i = 1, ..., N .
At this point we emphasize that the following crucial relations hold:
(a+i )
k
/symm
= (A+kC)i, (a−i )k/symm = (RA−
k
)i (29)
for every k = 1, 2, ..., N , which can be proved by induction. From this relation
we immediately obtain
A±k =
N∑
i=1
(a±i )
k
/symm
= RA±kC = tr(A±kJ ). (30)
The label symm designates that the action is restricted to the symmetric states
only. In this case, the exchange operators Kij coincide with the identity operator
(Kijψ = ψ). Equations (29) provide one-to-one correspondence between our matrix
oscillator and the ordinary single-species Calogero model. Note that in the matrix
oscillator approach the exchange operators Kij do not appear. The approach
considered in this paper can be repeated in an arbitrary gauge, particularly in the
gauge λ = 0.
After removing the CM mode, one is left with Vrel = (1 − 1N − ν)1 + νJ .
The critical points are determined by detVrel = 0 . They are ν = − 1N and
ν = 1− 1
N
. The first critical point corresponds to the existence of the ground state
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for ν > − 1
N
[17-19], whereas the second critical point should be investigated more
carefully.
4 Conclusion
In conclusion, by introducing a pair of N×N matrices, we have constructed a Hamil-
tonian for a single quadratic matrix oscillator that is required to obey deformed
commutation relations. This is a generalization of a single deformed oscillator.
Straightforward analysis has shown that this oscillator is equivalent to the multi-
species Calogero model in one dimension. Specially, in the case of identical particles,
an alternative formulation of ladder operators has been proposed in which exchange
operators do not appear. In terms of these operators, the complete Fock space has
been constructed. We point out that our matrix formulation can be extended to all
Calogero-like models, such as models in arbitrary dimensions,the Sutherland model
(on a circle) and models defined on root systems and the supersymmetric Calogero
model.
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